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The Problem (HSTP)
• Given

• a directed graph 𝐺 = (𝑁, 𝐴) with:

• node set, 𝑁 = {0,1, . . , 𝑛}, 

• arc set, 𝐴 = 𝑖, 𝑗 : 𝑖, 𝑗 ∈ 𝑁 and a function 𝑐𝑖𝑗 > 0, ∀(𝑖, 𝑗) ∈ 𝐴

• required nodes set, 𝑅 ⊆ 𝑁, 0 ∈ 𝑅

• Hop limit, 𝐻 ∈ ℕ

• Find an arborescence 𝐺′ = 𝑆, 𝐴 𝑆 , rooted at 0 with 𝑆 ⊆ 𝑁, 𝐴(𝑆) ⊆ 𝐴:

• 𝑅 ⊆ 𝑆,|𝑝𝑎𝑡ℎ0→𝑟| ≤ 𝐻 arcs , ∀𝑟 ∈ 𝑅

• 𝐶(𝐴(𝑆)) =  (𝑖,𝑗)∈𝐴(𝑆) 𝑐𝑖𝑗 is minimum

Examples

• 𝐻 = 2: no solution

• 𝐻 = 3: 𝐶(𝐴(𝑆)) = 40

• 𝐻 = 4: 𝐶(𝐴(𝑆)) = 35

Strenghening and generalizing constraints (4):

(4+)

Model (1) - (9) is not a valid formulation for the HSTP since conectivity between the root 
node and the required nodes is not guaranteed

Result

New Valid Inequalities (symmetric version of (4)):

(10)

Model (𝑁𝐻𝐵): (1) - (3), (5) - (9), (10) is a valid formulation for the HSTP
Result

The Arc Hop-indexed Model

Model (𝐴𝐻) dominates (𝑁𝐻𝐵+) in terms of the Linear Program Relaxation
Result

• Instances: Symmetric complete graphs with 20, 40 and 80 nodes, 20%, 40% and 60% required nodes and 
𝐻 =2,3,4,5

• Tested models: (𝑁𝐻𝐵+), (𝐴𝐻) and (𝐴𝐻+)
• Linear Programming gaps:
• increase with increasing 𝐻, decreasing number of required nodes
• the weaker arc model (𝐴𝐻) reduces the node model (𝑁𝐻𝐵+) LP gaps in 0% - 17% 
• the stronger arc model (𝐴𝐻+) reduces the arc model (𝐴𝐻) LP gaps in 0% - 12%

• CPU times: 
• LP relaxation: 0 – 40 sec.; Integral models: arc models less than 30 sec., (𝑁𝐻𝐵+) spent more time (some  1 hour)

Results

Strenghening and generalizing constraints (10):

(10+)

Model (𝑁𝐻𝐵+): (1) - (3), (5) – (9), (10+) 

Strenghening constraints (13) by removing 𝑧𝑗𝑖
ℎ−1 from the summation:

(13+)

Model (𝐴𝐻+): (1), (6) - (8), (11), (12), (13+), (14), (15), (16) 
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